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. Abstract 

<N ■ 

Let X be a finite Abelian group, £j, i = 1,2,... , n, n > 2, be independent random vari- 
ables with values in X and distributions fii. Let ctij,i,j = 1,2, ... ,n, be automorphisms 
. of X. We prove that the independence of n linear forms Lj = ^2i=i a ij£i implies that all 

^ (-h /Xj are shifts of the Haar distributions on some subgroups of the group X. This theorem 

is an analogue of the Skitovich-Darmois theorem for finite Abelian groups. 

g. 

1 Introduction 

T— I ■ 

The classical Skitovich-Darmois theorem states (|13].[Tj): Let £j, i = 1,2, ...,n,n > 2, be 
independent random variables, and aii, fa be nonzero numbers. Suppose that the linear forms 
t^j- ■ L\ — a i^i + ■ ■ • + OLnin and L 2 = + ■ ■ • + (3 n £ n are independent. Then all random variables 

\q . £i are Gaussian. 

Ghurye and Olkin generalized the Skitovich-Darmois theorem to the case when £ 4 are random 
vectors with values in R m , and ai,f3i are nonsingular matrixes ([10]). They proved that the 
independence of the linear forms L\ and L 2 implies that all are Gaussian vectors. 

The Skitovich-Darmois theorem was generalized into various classes of locally compact 
Abelian groups such as finite, discrete, compact Abelian groups (see [2]-j5],[7]-[9j). In the 
article we continue these researches and study the Skitovich-Darmois theorem in the case when 
random variables take values in a finite Abelian group and the number of linear forms more 
than 2. 

Throughout the article X will denote a finite Abelian group unless the contrary is explicitly 
specified. Let Aut(X) be the group of automorphisms of the group X, Z(/c) = {0, 1, 2 . . . , k — 
1} be the group of residue modulo k. Let x G X. Denote by E x the degenerate distribution, 
concentrated at x. Let K be a subgroup of X. Denote by vtlk the Haar distribution on K. 
Denote by I(X) the set of shifts of such distributions, i.e. the distributions of the form 17Ik*E x , 
where K is a subgroup of X, x G X. The distributions of the class I(X) are called idempotent. 
Note that the idempotent distributions on a finite Abelian group can be regarded as analogues 
of the Gaussian distributions on real line. 

Let = 1, 2, . . . , n, n > 2, be independent random variables taking values in X and with 
distributions yUj. Let <yj,j3j be automorphisms of X. Consider the linear forms L\ = a^i + 
■ ■ • + ctn£n and L 2 = + ■ • • + /3 n £n- The problem of the generalization of the Skitovich- 
Darmois theorem to the finite Abelian groups was considered first in |2j, where in particular it 
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was proved that the class of groups, on which the independence of L\ and L 2 implies that all 
/ij are idempotent distributions is poor and consists of the groups of the form 

Z(2 mi ) x ■ ■ ■ x Z(2 m 0, < mi < • ■ ■ < m h (1.1) 

On the other hand if we consider two linear forms of two independent random variables, 
then the Skitovich-Darmois theorem is valid for an arbitrary finite Ableian group. Namely, the 
following theorem holds ([5], see also [SJ p. 133]): 

Theorem 1.1 Let £i and£ 2 be independent random variables with values in X and distributions 
fix and /i 2 . Let cti, Pi G Aut(X),i = 1,2. If the linear forms L\ = a^i + «2^2 an d L 2 = + 
/?2^2 are independent, then fa G I(X),i = 1,2. 

In the paper we consider n linear forms Lj of n independent random variables with values in a 
finite Abelian group. Coefficients of the forms are automorphisms of the group. We prove that 
the independence of Lj implies that all & have idempotent distributions. This result generalizes 
Theorem 11.11 and can be considered as a natural analogue of the Skitovich-Darmois theorem 
for finite Abelian groups. 

The main result of the article is the following theorem. 

Theorem 1.2 Let £j, % = 1, 2, . . . , n, n > 2, be independent random variables with values in a 
group X and distributions fa. If the linear forms Lj = YH=\ a ij^ii where a^ G Aut(X),i, j = 
1,2, ... ,n, are independent, then fa G I(X),i = 1,2, ... ,n. 

Note that the proof of Theorem 11.21 differs from the proof of Theorem II .11 for n=2 and does not 
use it. 

Also we show that Theorem 11.21 fails if we consider less than n linear forms of n random 
variables. 

To prove the main theorem we will use some notions and results of abstract harmonic 
analysis (see [12]). Let Y = X* be the character group of X. Since A is a finite group, Y = X. 
The value of a character y G Y at x G X denote by (x, y). Let a : X — > X be a homomorphism. 
For each y G Y define the mapping a : Y — » Y by the equality (ax, y) = (x, ay) for all x G 
X, y G Y. The mapping a is a homomorphism. It is called an adjoint of a. The identity 
automorphism of a group denote by /. Let B be a subgroup of X. Put A(Y, B) — {y G Y : 
(x, y) = 1 for all x G B}. The set A(Y, B) is called the annihilator of B in Y and A(Y, B) is a 
subgroup of Y. 

A subgroup H of X is called characteristic if the equality 'yH = H holds for all 7 G Aut(X). 
Let p be a prime number. We recall that an Abelian group is called an elementary p-group 
if every nonzero element of this group has order p. We note that every finite elementary p- 
group is isomorphic to a group of the form (Z(p)) m for some m. Put Xm = {x G X : px = 
0}. Obviously, A( p ) is an elementary p-group. Also it is obvious that A( p ) is a characteristic 
subgroup of X. 

Let E be a finite-dimensional linear space and 7 be a linear operator acting on E. Denote 
by dimE the dimension of E and by Ker^f the kernel of 7. Let {i?j}™ =1 be a family of linear 
spaces. Denote by ©™ =1 -Ej a direct sum of the linear spaces E^, i = 1, 2, . . . , n. 

Let fi be a probability distribution on X. Denote by o~(fi) the support of /i. Put Ji(M) = 
//(— M), where M C X, —M = {— m : m G M}. The characteristic function of the distribution 
p is defined by the formula: 

Kv) = ^MM)' y e y. 
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If £ is a random variable with values in X and distribution /j. , then fi(y) = E[(£, y)\. Put 

F, = {y G Y : /%) = 1}. 

Then is a subgroup of Y , the inclusion cr(yu) C A(X, F^) holds, and fi(y + h) — fi{y) for all 
y G Y, /i G If if is a subgroup of X, then 



m K (y) 



1, t/eAfy.f), 
0, 



;i.2) 



2 The lemmas 



To prove Theorem 11.21 we need some lemmas. The proof of the next lemma uses standard 
arguments (see [Bl p. 93]). 

Lemma 2.1 Let ^,i = 1,2, ... ,n,n > 2, be independent random variables with values in a 
group X and distributions fii. Consider the linear forms Lj = ^T=i a ij£,ii3 = 1? 2, . . . , fc, where 
aij are endomorphisms of X. The linear forms Lj are independent if and only if the following 
equality holds 

n k 

WWh{ocijUj), Uj G Y. (2.1) 

z=l 3=1 



i=l \j=l 



Proof. We note that the linear forms Lj, j = 1, 2, ... , k, are independent if and only if 
the equality 



E 



k / n 

n 5>e 

b=i \i=l 



k 

I!* 



,1=1 



g y 



(2.2) 



holds. Taking in the account that the random variables £j are independent and that fii(y) 
E[(£j,y)], we transform the left hand side of the equality (12. 2p to the form 



E 



k / n 

II £««e 

b=l \i=l 



E 



n 

.i=i \ i=i 



OtijUj 



1=1 



k 

i=i 



CXijUj 



lift E 

i=i \i=i 



OlijUj 



Reasoning similar, we transform the right hand side of the equality (12.21) : 



i=l 



1=1 



i=i 



■ it 



j, OtijUj t 



n k n k 

nn E [te^ M i)i-nii' ] 

i=l ,7=1 2=1 ,7=1 



z \OtijUj ) 



Lemma 2.2 Let Y be a linear space, be invertible linear operators acting on Y and sat- 
isfying the conditions 0ij = I, Pa = I,i,j = 1,2, ... ,n, where I is the identity operator. Let 
{-Ei}" =1 , {Fi}f =1 be families of finite- dimensional linear subspaces ofY satisfying the conditions: 

ij {E j )cF i , i,j = 1,2,. ..,n, (2.3) 

n n 

^2 dim F i < y2 dim E *- ( 2 - 4 ) 

1=1 2=1 

Then Ei = Fj = F,i,j = 1,2, ... ,n, where F is a linear subspace of Y and ftij(F) = F. 
Proof. Put dim Ei = rrii, dimi^ = fcj. Then inequality (12.41) takes the form 

n n 

Y^ki<Y, m i- ( 2 - 5 ) 

i=\ i=l 

Since /5y are invertible, we have 

dim Pij(Ej) = rrij, i, j = 1, 2, . . . ,n. (2.6) 
From (J2~3D and O it follows that 

m < kj, i,j = l,2,...,n. (2.7) 

From (12. 7p we obtain that 

max rrii < min kj. 

l<i<n 

From this and (12.51) it follows that 

n n 

/ h <\ rrii <n mm kj. (2-8) 

' J ' ^ Kj<n 

i=l i=l 

Hence, (12. 8p implies that kj = k and (12. 8p takes form 

n 

nk < nii < nk. 



i=l 



This implies that YH=i m i = n k- From this and m ; < k, i = 1, 2, . . . , n, it follows that rrii — 
k, i = 1, 2, . . . , n. From this and from (12. 3p we obtain that 

ij {E j ) = F i , i,j = l,2,...,n. (2.9) 

From (12. 9p and the equalities /3y = fin = I,i,j = 1,2, ... ,n, we infer 

Fi = MEj) = I(Ej) = Ej, 

F l = p a (E 1 ) = I(E 1 )=E 1 , 

whence we have 

Ei = Fj = F,i,j = 1,2, ... ,n, (2.10) 
where F is a subspace of Y. From (12. 9p and ( 12. 1 0[) it follows that (3ij{F) = F, i, j = 1, 2, . . . , n. 



4 



Lemma 2.3 Let Y be a finite elementary p- group. Let fii(y), i — 1, 2, . . . , n, n > 2, be nonneg- 
ative characteristic functions on Y , satisfying the equation 

n / n \ n n 

i=i \i=i / t=ii=i 

where G Aut(y), = = I, i, j = 1, 2, . . . , n. Then F^. = F, i = 1, 2, . . . , n, where F is 
a subgroup of Y and (3ij(F) — F,i,j — 1,2, ... ,n. 

Proof. We note that Y is a finite-dimensional linear space over the field Z(p). Then subgroups 
of Y are subspaces of Y, and automorphisms acting on Y are invertible linear operators. 
Let 7r be a map from Y n to Y n defined by the formula 

tn n n \ 

Yl ;! ./"'- X! ' hi '"j X! ; "/".') ' ( 2 - 12 ) 
3=1 j=l j=l / 

where Uj G Y. Then tt is a linear operator. Generally, 7r is not invertible. 
Put N = n-\®2=i F iH)- Obviously, 

dim©" =1 F Mi < dim N. (2.13) 

Let <pi be the projection on the i-th coordinate subspace of Y n . Put Ei = (pi(N). Then Ei 
is a subspace of K. We will show that the families of the subspaces {Ei}™ =1 , {^I^Li satisfy 
conditions ([13]) and (Q - 

It is obvious that N C (©" =1 £"j). From this and (12 . 13[) we obtain that 

dim ©7 =1 F W < dim ®? =1 Ei. (2.14) 

Inequality (I2.14p implies 

n n 

dim F^ < ^2 dim E i ■ 

i=i i=i 

Put in (12. lip (u\, v,2, ■ ■ ■ , u n ) G N . Then the left-hand side of equation (12. lip is equal to 1 
and we have 

n n 

^Ilil^W' (ui,u 2 , . . . ,u n ) G N. (2.15) 

i=l 3=1 

Fix j. Then for each u G Ej there is {u\, u-i, ■ ■ ■ , u n ) G N such that Uj = u. From this, (I2.15p . 
and < fiiiy) < l,y G Y, it follows that /tj(/3 i3 w) — l,u G Hence, the following inclusions 
hold 

PijiEj) C F^, i,j = 1,2,..., n. 

Finally, we infer that the conditions of Lemma 12.21 are satisfied. Therefore F^. = F, where 
F is a subgroup of Y, and fiij(F) = F,i,j — 1,2, ... ,n. ■ 

Corollary 2.4 Let Y be a finite Abelian group. Let fii{y),i — 1, 2, . . . , n, n > 2, be nonnegative 
characteristic functions on Y satisfying equation (\2.11\i . where (3\j = (3n = I, i, j = 1, 2, . . . , n. 
Then either F^ = {0},i = 1,2, ... ,n, or F^ ^ {0},2 = 1,2,..., n, and there is a nonzero 
subgroup HofY such that H C (n^i^J and fiijH = H, i, j = 1, 2, . . . , n. 



Proof. Assume that F^ k = {0} for some k. Fix a prime number p and consider YL). Since 
Y(p) is a characteristic subgroup, we can consider the restriction of equality (12. lip to YL). Then 
Y (p) n = {0}. From this and Lemma O it follows that Y^) n F w = {0}, i = 1, 2, . . . , n. It 
means that each F^. does not contain elements of order p. Since p is arbitrary, we obtain = 
{0},z = l,2,...,n/ 

Suppose that F^ k ^ {0} for all k. Then, in particular, F^ ^ {0}. This implies that Yu>) H 
F^ 7^ {0} for some p. It follows from Lemma [2.31 that the subgroups YL) fl F^, i = 1, 2, . . . , n, 
are nonzero, they coincide, and they are invariant with respect to = 1,2, ... ,n. Put 

H = Y( p ) n F^. Then H is desired subgroup. ■ 

Next lemma is crucial for the proof of Theorem 11.21 

Lemma 2.5 Let = 1,2, ... ,n, n > 2, be independent random variables with values in a 
group X and distributions fa such that fa(y) > 0. Consider the linear forms Lj = Y^7=i a i&ii 
where G Aut(X),aij = an = = 1,2, ... ,n. Suppose that the following condition is 

satisfied: 

(A) For some k any proper subgroup of X does not contain the support of fa. 
Then the independence of Lj implies that fa = mx,i = 1,2, ... ,n. 

Proof. By Lemma 12.11 it follows that the equality 

n / n \ n n 

n & [Yi hi 3 u 3 ) = n n k^M)* % e y, (2- ie ) 

i=l \j=l J i=l j=l 

holds. 

From {A ) it follows that 

F, k = {0}. (2.17) 
Let 7r : Y n — > Y n be a homomorphism defined by the formula 



n n 



n(ui, U 2 , ■ ■ ■ , U n ) = [ } j aijUj, 22 a 2jUj, 



where Uj G Y.We will show that 7r G Aut(Y n ). Assume the converse, i.e. 7r ^ Awt(Y n ). 
Since Y n is a finite group, we obtain Kern ^ {0}. Put in (I2.16P (ui, u 2 , . . . , u n ) G 
Kern, (ui,u 2 , ...,u n )^0: 

n n 

l = lH[fa(a tjUj ). (2.18) 

i=i j=i 

From (I2.18P and fa(y) > it follows that all factors in the right-hand side of equation (I2.18P 
are equal to 1. In particular, since Uj ^ for some jo, we obtain that fa(aij Uj ) — l,i — 
1,2, ... ,n, whence it follows that F w ^ {0}, i = 1, 2, . . . , n. This contradicts condition (I2.17p . 
Therefore, vr G Aut{Y n ). 

Let us prove that fa(y) = 0, % = 1, 2, . . . , n, for all y G Y, y ^ 0. Assume the converse. Then 
for some I there is y ^ such that 

fa(y)^0. (2.19) 
Without loss of generality we can assume that 1 = 1. 



Putting in (12 . 1 6[) (ui, u 2 ■ ■ ■ , u n ) = n 0, . . . , 0), we obtain: 

n n 

£i(#=nnM«<;%)- ( 2 - 2 °) 

i=i j=i 

We note that there are at least two numbers ji,j 2 such that Uj 1 7^ 0,Uj 2 7^ 0. Indeed, if Uj = 
0,j = 1,2, ... ,n, then we have the contradiction with 7r _1 G Aut(Y n ). If ttj 7^ 0,Uj = 0,j 7^ 
jo, for some j , then vr(0, 0, . . . , u jo , . . . , 0) = (ay % , a 2jo u jo , a njo u jo ) = (y, 0, . . . , 0). This 
contradicts ajj G Aut(F). Hence, Uj 1 ,Uj 2 7^ for some ji and j 2 - From inequalities 

0<£i(l/)<l, z = l,2,...,n, (2.21) 

and equation ( I2.20P we obtain 

n 

t^iyP^ijl^jl) f^iyP^ij^^js) • (2.22) 

1=1 

Put 

C = max max jj,i(y). (2.23) 

l<i<n y^iO 

By Corollary 12.41 from (I2.17P we get 

F m = {0}, i = l,2,...,n. (2.24) 

Combining (l2T2~Tj) . (gJSD , and (J2TMD, we obtain < C < 1. Since fi^ 7^ 0,u h ^ and 
&ij 1 ,&ij 2 G Awt(y), we have a.ij 1 Uj 1 7^ 0,aij 2 Uj 2 7^ 0. Hence, from (I2.22p and (I2.23P we obtain 
that 

From fT2T2"2j) and /^(y) 7^ it follows that 

) + 0, (2.25) 

where 7^ 0, Wj 2 7^ 0, i — 1, 2, . . . , n. 

Using (I2.25P in the same way as (12.22)) was obtained from ( 12 . 1 9[) we get an estimate for 
every factor in the right-hand side of (I2.22p and put this estimate in (I2.22p . Repeating this 
process m times we arrive at inequality that implies 

Since (7( 2n ) m+1 _ >. as m — > 00, we obtain £ii(y) = 0. This contradicts the assumption. Hence, 
fiiiy) = 0,i = 1,2, ... ,n, for all y G Y, y 7^ 0. From this and (11.21) we obtain that fi{(y) = 
™x(y)iU E Y,i = 1,2, ... ,n. Therefore, we have /ij = m x ,i — 1,2, . . . ,n. ■ 



3 The proof of the main theorems 

Proof of Theorem 11.21 Let 5j G Aut(X), j = 1,2, ... ,n. Note that the linear forms Lj = 
Y17=i a ij^iij = 1, 2, . . . , n, are independent if and only if the linear forms SjLj,j = 1,2, ... ,n, 
are independent. Since 

L j = + <Hj a 2j^i + • • • + a^a nj i n ), j = 1, 2, . . . , n, 
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without loss of generality we can assume that ay = I, j = 1, 2 . . . , 



n, i.e. 



Lj = 6 + asyfa + • • • + a ni £ n , j = 1, 2, . . . , n. 



(3.1) 



Put ?7i = an^i and 7^ = a^a^ ■ Then we can rewrite (13.11) in the form 



L 1 =T] 1 +T] 2 + ... + T], 



Lj =7]1+ l2jV2 + ■■■+ Injn, 



j = 2, ... ,71, 



where random variables T]i are independent. Obviously, it suffices to prove Theorem [T72] assum- 
ing that a±j = an = I, i,j = 1,2, ... ,n. 

By Lemma [2.11 the functions fii(y) satisfy equation (I2.16p . Put z/j = \ii * fti,i = 1,2, ... ,n. 
Then Vi(y) = \fii(y)\ 2 , y G Y. The functions Oi(y) are nonnegative and also satisfy equation 
(I2.16p . We will prove that Vi = itlk, where K is a subgroup of X. It is easy to see that this 
implies that /ij = E Xi * mx, x% G X, % — 1, 2, . . . , n, i.e. /ij G I(X),i = 1,2, ... ,n. 

Put F = n™ =1 .F Mi . Consider the set of subgroups {Gi} C F such that otijGi = dtij,i,j = 
1,2, ... ,n. Denote by if a subgroup of Y such that H is generated by all {G{\. It is not hard 
to prove that H is a maximal subgroup of Y , which satisfies the condition 

(B) Vi(y) = l,y G H,i = 1,2, . . . ,n, a i:j H = H,i,j = 1,2, ... ,n. 

Taking into account that h>i(y + h) = Vi(y),i = 1,2, ... ,n, for all y G Y, h G H, and the 
restrictions of the automorphisms of Y to H are automorphisms of H, consider the equation 
induced by equation (12.161) on the factor-group Y/H putting ([?/]) = i>i{y),i = 1,2, ... ,n, and 
aij [ y ] = [a ijV ], y g [y], [y] G Y/H. Let K = A(X, H). Note that Y/H = (K)*. Thus, if we prove 
that Ui([y)) = m K ([y\), [y] G Y/H, then we will obtain v^y) = rh K (y),y e Y,i = 1,2, ... ,n. 

Since if is a maximal subgroup of Y, which satisfies condition (B), we obtain that {0} 
is a maximal subgroup of Y/H, which satisfies condition (B) for the induced characteristic 
functions ^j([y]) and the induced automorphisms aij. 

Hence, without loss of generality we suppose that 



Let us show that for some k any proper subgroup of X does not contain a{vk)- This 
condition is equal to the condition F Uk = {0}. Assume the converse. Then by Corollary 12.41 
there is a nonzero subgroup H of the group Y that satisfies condition (B). This contradicts 
( 13. 2p . Hence, any proper subgroup of X does not contain the support of v^. Then by Lemma I2"31 
Vi = m x ,i = 1,2, . . . ,n. ■ 

Remark 3.1 The independence of the linear forms Lj,j = 1,2, ... ,n,n > 2, where ct\j = 
an = I implies that £j = rriK * E Xi ,i = 1,2, ... ,n. Here, in contrast with the general case, 
the distributions of the random variables £j are the shifts of the Haar distribution on the same 
subgroup of X . 

Let us prove that Theorem 11.21 is sharp in the following sense: in the class of finite Abelian 
groups the independence of k linear forms of n random variables, where k < n, does not imply 
that iii G I(X). 

Theorem 3.2 Let n and k satisfy the condition n > k > 1. Let X = (Z(p)) n , where p > 2 is 
a prime number, such that p does not divide n. Then there exist independent random variables 
^i,i = 1,2, ... ,n, with values in a group X and distributions fii (jL F(X), and automorphisms 
aij G Aut(X), such that the linear forms Lj = Y^=i a ij^i->j = 1,2, . . . , k, are independent. 



H = {0}. 



(3.2) 



S 



Proof. It is obvious that it suffices to prove the statement for k — n — 1. 

Let ctii-iX = 2x,x G X, i = 2,3, ...n, and = I in other cases, i = 1, 2, . . . , n, j = 
1, 2, . . . , n — 1. It is clear that G Aut(X). Note that Y = (Z(p))™, = cty. 

Let ei = (1, 0, . . . , 0), e2 = (0, 1, . . . , 0), . . . , e n = (0,0,..., n) G Y. Consider on X the 
function 

Pi(x) = 1 + Re(x,ei). 

Then Pi(x) > 0,x G X, and 

^Pi(a;)m x ({x}) = 1. 

Denote by fii the distribution on X with the density pi(x) with respect to m^. We see that 

fl, y=0; 

fa(y) = \ \, y = ie,; 

[o, ?/GF,^{0,± ei }. 

Obviously, /ij G" /(X). Let = 1,2, ..,n, be independent random variables with values in 
X and distributions p^. Let us show that the linear forms Lj = J^™ =1 aij^i are independent. 
By Lemma [2.11 it suffices to show that the characteristic functions Pi(y) satisfy equation (12. ip , 
which takes the form 

jj 1 (ui + U 2 -\ h U n -i)fl 2 {2Ui +U 2 ~\ h U n -l) ■ ■ ■ fln{u\ + U 2 H h 2w n _i) = 

= pLi{u\)pLx{u 2 ) ■ ■ ■ pi(u n -i)fi 2 {2ui)fi 2 {u 2 ) ■ ■ ■ fi 2 (u n -x) ■ ■ ■ (3.3) 

• • ■ Pn{Ui)fl n {u 2 ) ■ ■ ■ pL n {2u n -l). 

Let us prove that the left-hand side of equation (13.31) does not equal to if and only if Uj = 
0,j = 1, 2, . . . , n — 1. Indeed, suppose that the left-hand side of (13.31) does not equal to 0. Then 
Uj satisfy the system of equations 

'ui + u 2 H h w„-i = bi, 

^2Ui+U 2 -\ \-u n -i = b 2 , ^ ^ 

^Ui+u 2 -\ h 2m„„i = b n , 

where bi G {0, ie^}. 

From (13.41) it follows that: 

Ul = b 2 - &!, 

< U2 = b 3 - bi, (3.5) 



^m„_i = & n - &i. 

First equation of system (13. 5p implies that b^ — 0, i — 1, 2, . . . , n. Thus the unique solution 
of system (13. 4p is Uj = 0, j = 1, 2, . . . , n — 1. 

Taking into account that /tj(±e-,) = for i 7^ j, it easy to see that if Uj 7^ for some j, then 
the right-hand side of equation (13. 3p is equal to 0, i.e. the right-hand side of equation (1 3 . 3 [) 



does not equal to if and only if Uj — 0,j — 1, 2, . . . ,n — 1. Hence, equality (13.31) holds for all 

Uj G y. m 

Note that Theorem 13.21 can be strengthened for n = 3. Denote by G a group of the form 
fll.ip . The following statements hold 

1) Let cti, (3i G Aut(G),i = 1,2,3, £j be independent random variables with values in a 
group X and distributions /ij. Suppose that linear forms L\ = + + a 3^,3 an d -^2 = 

+ /^2^2 + Pz£,s are independent. If X = G, then all /ij are degenerate distributions. If X = 
Z(3) x G, then either all fii are degenerate distributions or /i^ * £7^ = fi i2 * E X2 = m%<^\,Xi G 
X, at least for two distributions fi^ and fii 2 . If X = Z(5) x G, then either all fii are degenerate 
distributions or fi^ * E Xl = mz(5), x\ G X, at least for one distribution 

2) If a group X is not isomorphic to any of the groups mentioned in 1), then there exist 
«j, Pi G Aut(X),i = 1,2,3, and independent identically distributed random variables with 
values in X and distribution \i G" /(X), such that the linear forms L\ = a^i + a 2 (,2 + «3^3 an d 
L2 = Piii + ^26 + /?3^3 are independent. 

We prove now that Theorem 11.21 fails if ctij are endomorphisms of X and not all are 
automorphisms. 

Proposition 3.3 Assume that a group X is not isomorphic to the group l*(p), where p is a 
prime number. Then there are independent identically distributed random variables £1,^2, with 
values in X and distribution fi and nonzero endomorphisms a, j3 ofY such that: 

a) the linear forms L\ = a£% + /3^2 an d -^2 — £1 + ct^ are independent; 

b) fi^I(X); 

c) a(fi) = X. 

Proof. First we will show that there exist endomorphisms a, (3 of X satisfying the conditions 

1) a G" Aut(X), G Aut(X); 

2) P(Kera) = Kera; 

3) a 2 x 7^ fix for all x G X, x 7^ 0. 

Without loss of generality we can suppose that X is a p-primary group. By the structure 
theorem for finite Abelian groups 

m 

X = \{{Z{p k )) k \ 

k=l 

where fc; > 0. There are two possibilities: X = Z(p k ) and X ^ Z(p k ). If X = Z(p k ), where 
k > 1, then put ax = px, x G X, /3 = (p — l)x, x G X . It easily can be proved that a and /3 
satisfy conditions l)-3). 

If X 7^ Z(p k ), then X = Xi x X2, where Xi, X 2 are non-trivial subgroups of X. Denote by 
(xi,X2),Xj G Xj, elements of X. Put a(xi,X2) = (0,Xi),x G X, /3 = J. It is no hard to prove 
that conditions l)-3) satisfied. 

So let a and /3 satisfy conditions l)-3). It easily can be showed that a homomorphism 7r : 
Y 2 — » y 2 defined by the formula 

7t(m, = (au + f, /3w + av) (3.6) 

is an automorphism of Y 2 . It is clear that H = Kera 7^ {0}. From (13. 6p and condition 2) it 
follows that nH 2 C H 2 . Since 7r G Aut(F 2 ) and F 2 is a finite group, we obtain 

ttH 2 = H 2 . (3.7) 



in 



Put K = A(X, H),n=(l- b)m x + bm K , where < b < 1. Then 



Kv) 



i, y = o, 

b, yeH,y^O, 
0, ygH. 



(3.8) 



It is obvious that /i (jL (X) and cr(yu) = X. 

Consider independent identically distributed random variables ^,^2 with values in a group 
X and with the distribution \x. We shall prove that L\ and L2 are independent. By Lemma [2TT1 
it suffices to show that the characteristic function fi(y) satisfies equations (I2.16P which takes 



If u, v G if, then it is clear that (13.91) holds. 

We will show that if either u G" H or v SjL H both sides of (13. 9 j) are equal to 0. 

If either u H or v JJ, then (13. 8p implies that the right-hand side of (13. 9p is equal to 0. 
Let us show that the same is true for left-hand side of (13. 9p . Assume the converse. Then the 
following inclusions hold 



The inclusions (I3.10p mean that ir(u,v) G H 2 . Then (13. 7p implies that (u, v) G H 2 , i.e. u, v G 
H. This contradicts the assumption. ■ 

The author would like to thank G.M.Feldman for the suggestion of the problems to me and 
useful comments and A.I.Illinsky for useful discussions and comments. 
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